Genome instability is a characteristic of most cancers, contributing to the acquisition of ge-12 netic alterations that drive tumor progression. One important source of genome instability is 13 57 implement the model we used the hybrid stochastic-deterministic algorithm. We also discuss 58 a measure for the accuracy of the hybrid approximation, and compare algorithmic perfor-59 mance to a fully stochastic implementation of the model. 60 3 Telomeres and telomere crisis 61 Telomeres are repetitive sequences of DNA found at the ends of linear chromosomes. They 62 play a protective role by hiding the chromosome ends from the DNA damage response 63 machinery. In cells that lack telomere maintenance pathways telomere length shortens with 64 each cell division. If cell cycle checkpoints are intact, critically short telomeres halt cell 65 proliferation, inducing either a terminal state of arrest called cellular senescence, or apoptosis 66 [6]. Thus, normal cells that lack telomere maintenance pathways are only capable of a 67 limited number of divisions, a phenomenon known as Hayflick's limit [7]. Telomerase is 68 a ribonucleoprotein enzyme that extends telomere length. It is composed of a catalytic 69 component that includes the protein TERT, and the RNA component TERC. Cells that 70 express telomerase at su cient levels o↵set the telomere shortening that occurs during cell 71 division, which allows them to bypass replicative limits and divide indefinitely [3]. Since most 72 mutations occur during cell division, replicative limits protect against cancer, by limiting the 73 sequential accumulation of mutations and the clonal expansion of cells. 74 Failure of cells with critically short telomeres to undergo senescence can result in telomere 75 crisis. During crisis continued telomere shortening leads to telomere dysfunction increasing 76 the chance of non-homologous end joining (NHEJ) and the fusion of one dysfunctional telom-77 ere to another. Cells with fused telomeres become dicentric, which leads to breakage-fusion-78 bridge cycles, and high levels of genome instability and cell death [3]. Genome instability 79 in cells undergoing crisis can give rise to chromosome gains and losses, gene amplifications 80 and deletions, and non-reciprocal translocations amongst other types of genomic alterations. 81 The rare cells that escapes crisis, usually through telomerase activation, typically harbor 82 a large number of genomic abnormalities associated with cancer [6]. It has thus been sug-83 gested that the passage and emergence from crisis can be an important contributor to tumor 84 development in some cancers [8].
Inactivation of p53 is a frequent event in tumorigenesis [9] . And in particular, inactivation 88 of the p53 pathway is necessary to bypass telomere-induced senescence [10] . In the paper we 89 focus on the first emergence of a double mutant and in the order of acquisition of the two 90 mutations. We model the e↵ects of telomere crisis by assuming an elevated death rate for 91 unstable (in crisis) cells. The order of mutations is important, because cells that undergo 92 crisis can acquire a number of important genomic changes, which occur during the period of 93 genome instability caused by telomere dysfunction. 94 Our model has a direct application to the important TERC / mouse model. Mouse cells 95 have very long telomeres and express telomerase promiscuously; as a consequence telomere 96 shortening is not a barrier to tumor progression in mice [11] . To test the function of telom-97 erase in tissue biology a telomerase-knockout mouse model was developed, by breeding mice 98 that do not express TERC (the RNA component of telomerase). Continuous breeding of 99 TERC / mice over successive generations led to the progressive shortening of telomeres 100 [12] . A series of studies were then conducted in late generation TERC / mice, in which a 101 gene (Ink4a/Arf) encoding for two distinct tumor suppressor proteins was deleted. Mice null 102 for this gene develop sarcomas and lymphomas with short latency; TERC / mice however, 103 had reduced tumor incidence and increased latency, demonstrating that telomere shortening 104 and lack of telomerase expression inhibits tumorigenesis in late generation TERC / mice whereas other cell types do not [17] . The critical component of telomerase that is missing 115 in most human cells is the catalytic subunit TERT. Unlike murine cells, human cells can 116 trigger senescence by activating the p53 or the p16/RB pathways [10] . Although there is 117 also evidence that suggests that p16-induced senescence is not the direct consequence of 118 telomere shortening [18] . Regardless, cells lacking p16 function may not be uncommon in 119 vivo in humans, since epigenetic silencing of the p16 gene is commonly found in histologically 120 normal human mammary epithelial cells (HMECs) [19] . Moreover, cell culture studies of 121 HMECs repeatedly show that following the spontaneous silencing of p16, the rare cells that 122 are able to bypass the p53 checkpoint undergo extended proliferation and eventually enter 123 crisis [20, 21] . 124 Model description 125 We consider four types of cells, which for notation purposes we call X, Y, Z, and W, see 126 Figure 1A . At the base of the model we have X cells, which are telomerase negative (here 127 noted as tmase-). Telomerase null cells correspond to TERC / cells in the context of the 128 mouse model previously described, or TERT negative cells in the context of human somatic 129 to escape replicative limits, making them capable of dividing an unlimited number of times.
141
In the model, a Y cell arises from a point mutation in an X cell. Recently, activating point 142 mutations in the tmase promoter have been identified in multiple cancer types [22, 23, 24, 143 25]. We consider mutations that occur during cell division and use the approximate point 144 mutation rate in cancer µ 2 = 10 9 [26].
145
Z cells are p53 +/ and telomerase negative. In mice, single-copy loss of p53 is su cient 146 to a↵ect the cell's ability to undergo senescence in response to critically short telomeres 147 [16] . Direct confirmation that these same dynamics occur in humans is currently missing.
148
However, there is strong evidence that the human p53 gene is haplo-insu cient in a wide 149 variety of contexts [27] . Furthermore, 80% of the most common p53 mutants have been found 150 to have the capacity to exert a dominant-negative e↵ect over wild-type p53 [9] . Hence, in the 151 model we assume that the p53 +/ phenotype allows cells to extend their replication capacity 152 by ⇢ e cell divisions beyond the point at which senescence occurs in normal cells. We call the 153 parameter ⇢ e the replication capacity extension. Early experiments, based on SV40-induced 154 disruption of p53, suggest that the replication capacity extension is in the order of 20 PD
155
[28], with a range of 20 to 30 PD being suggested [29] . The precise value of ⇢ e however, 156 is likely to vary in vivo; we thus treat it as a variable, and explore the e↵ects of varying 157 ⇢ e on the system. In the model, Z cells arise from X cells with a rate per cell generation 158 µ 1 = 10 7 (a common estimate for the rate per cell division of inactivating one copy of a 159 tumor suppressor gene [30]).
160
W cells arise from Z cells that keep dividing past their extended replication capacity.
161
As a consequence their telomeres continue to shorten, up to the point where they become 162 dysfunctional, resulting in genome instability. Cells at this stage enter crisis, a phase charac-163 terized by non-homologous end joining, breakage-fusion-bridge cycles, and widespread cell Breast and colorectal cancer studies suggest that telomere crisis is an early event [8, 31] .
In colorectal cancer, there is evidence of telomere dysfunction during the adenoma-early 168 carcinoma transition [31] . Moreover, in a study of colorectal adenomas with average size 2 169 mm (range 1-3 mm) 55% of adenomas showed evidence of chromosomal instability consistent 170 with telomere dysfunction [32] . In breast cancer, crisis is believed to occur during the UDH 171 to DCIS transition [8] , and according to a standard diagnostic criterium, ductal hyperplasias 172 should be less than 2 mm in diameter [33] . Avascular tumors can grow up to 2-3 mm 173 in diameter [34] . Hence, these data suggest that telomere crisis might occur during the 174 avascular phase of tumor development. Based on these observations we limit our study to 175 events occurring during avascular growth.
176
If we use a 2-3 mm diameter for avascular tumors and the volume measurements for tumor 177 cells reported in [35] , we find that the maximum cell population of an avascular tumor ranges 178 from 3.6 ⇥ 10 6 -5.3 ⇥ 10 7 cells. In the article we choose the intermediate value, N = 10 7 , for 179 the maximum cell population size. To incorporate this limit in population size, we make the 180 cell division rate dependent on cell density, controlled by the variable f in equation [1] . In 
In Eqs. [1] [2] [3] [4] [5] we assume that both o↵spring of a dividing cell cannot mutate simultane- are not very common in these fields. Here, we present an application of these ideas to the 212 field of evolution, by outlining a hybrid stochastic-deterministic algorithm for our model. lation. With this idea in mind we begin with the system described in equations [1] [2] [3] [4] [5] , which 217 from now on we call the full system. We can write this system as a single vector equation
where V is a vector that contains all the di↵erent cell types. Let M > 0 be 219 a given threshold. We can classify the X population as small if P X i < M, or as large oth- The events in the model are cell division, mutation, and death. In Gillespie's method, 229 every event ⌫ has a given propensity a ⌫ (V). The time at which the next event ⌫ will occur 230 is exponentially distributed with intensity a ⌫ (V). In the hybrid approach, cell division and :
It is well known that the stochastic formulation reduces to the deterministic formulation in 
. We can consider the function E[G (M ) (t)] equal to 244 the expected number of G type cells using the hybrid method with the threshold M . The L 2 245 norm (here denoted as ||·||) is a measure for the distance between two functions. We can then Figure 4 and Table 1 ).
253
Results
254
To study the e↵ects of replicative limits and the emergence of double mutants (p53 +/ and 255 tmase+), we implement the model using a hybrid stochastic-deterministic algorithm detailed 256 in the previous section of the paper. 270 Figure 2B depicts a simulation where a double mutant emerges from the Y cell population 271 (tmase+ followed by p53 +/ ). The emergence of the double mutant is indicated by the red 272 dot. Figure 2C plots a simulation where a double mutant emerges from the W cell population 273 (p53 +/ unstable followed by tmase+; purple dot).
274 Figure 2D plots the probability that the first double mutant emerges from the Y cell pop- Figure 2F ). In fact, by the arguments in the discussion of 313 Figure 2F , it is straightforward to see that as d goes to zero, the expected arrival time of the 314 first double mutant goes to infinity. Hence, for any finite time interval [0, T ], the probability 315 of a second mutation emerging will not be monotonic for positive d, but instead will have 316 the same basic shape as the plot in Figure 2E . hybrid method. Table 1 shows the average computational run time per trial for di↵erent 361 max population sizes using the fully stochastic and the hybrid algorithm. For a maximum 362 population size of N = 10 7 the hybrid algorithm is more than 2,200 times faster.
363

Discussion
364
Recently we presented a mathematical model with the aim of quantifying the e↵ectiveness of 365 replicative limits as a tumor suppressor pathway [41] . We also developed a Luria-Delbruck 366 mutational framework to estimate the probability of escaping replicative limits through a 367 mutation that activates telomerase [42] . These models assumed that the only constraint to 368 cell proliferation was set by replicative limits. Here, we extend these results by studying the 369 population dynamics in a setting where population size is also constrained by a fixed carrying 370 capacity. We also consider the emergence of two of the most frequent events in tumorigenesis: paper could be easily adapted to model many aspects of tumor evolution, and more broadly, 385 it can also be applied to a wide range of evolutionary models.
386
In this article we examined the relative frequency of the order of acquisition of the two 387 mutations as a function of key biological parameters. We found that for any finite time Compared to sarcomas and hematopoietic malignancies, epithelial cancers require a large 406 number of mutations and genome rearrangements to achieve a malignant state [46] . It has 407 thus been suggested that a mutator phenotype must take place to account for the con-408 stellation of genome abnormalities found in many malignant carcinomas. In this respect, 409 telomere-based crisis has been identified as a key mutator mechanism driving epithelial car- 
